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space which induces on E the given prehllbert structure; finally show that E is dense
in fi and that fi is complete, hence a Hilbert space, and apply Problem 5(a) to 6.)
 7.	Let X be a set, /a mapping of X into a prehilbert space H; show that the mapping
(x, y) -> (f(x) | f(y)) of X x X into C is of positive type (Problem 4(a)).
 8.	Let X be a set, K a mapping of positive type of X x X into C (Problem 4(a)).
(a) Let E be the set of mappings u : X -> C such that there exists a real number a ^ 0
having the property that the mapping
(x, y) -* aK(x, y) — u(x)u(y)
is of positive type; let m(u) be the smallest of all real numbers a ^ 0 having that property.
Show that m(u) is also the smallest number c such that, for every finite sequence (xt) of
elements of X, the inequality
, Xj)Xt Xj -f c/itjw, +£ (u(xt)Xi p + u(xt)Xt jli) ^ 0
t, j	i
holds for all complex numbers A,, ju, (use the Cauchy-Schwarz inequality). For every
x e X, show that \u(x)\2 ^ k(jc, x)m(u).
 (b)	Show that E is a vector subspace of Cx, that (m(w))1/2 is a norm on E and that
m(u + v) + m(u — v) ^ 2(m(u) + m(v)). Conclude that there is a nondegenerate positive
hermitian form g(u, v) on E x E such that g(u, u) — m(«), and that for this form E is a
Hilbert space; one writes g(u, v) = (u\v). (Use Problem 2(c) of Section 6.2 to prove
the existence of g\ to show that E is complete, use the last inequality proved in (a)).
 (c)	For every jceX, show that  the function  K(., x) belongs  to  E and that
(K(.,jf)|K(.,^))«K(jc,y) for all (x,y)eXxX (use Cauchy-Schwarz inequality).
Prove that if X is a topological space and if K is continuous in X x X, the mapping
x ->• K(., x) of X into E is continuous.
 (d)	Deduce from (a) that the Hilbert space E defined in (b) has a reproducing kernel,
and if F is the closed vector subspace of E generated by the functions K(.,x), the
reproducing kernel for F (Problem 5(b)) is equal to K.
9. Let E be a prehilbert space, N a finite dimensional vector subspace of E, M a vector
subspace of E having infinite dimension, or finite dimension >dim(N). Show that there
exists in M a point x •£ 0 such that \\x\\ — d(x, N). (Consider the intersection of M
and of the orthogonal supplement of N.)
4. HILBERT SUM OF HILBERT SPACES
Let (En) be a sequence of Hilbert spaces; on each of the EnJ we
write the scalar product as (#Jjn). Let E be the set of all sequences
x = (xly x2,..,, xn,...) such that xn e En for each n, and the series (||#J2)
is convergent. We first define on E a structure of vector space: it is clear
that if x = (xn) e E, then the sequence (lxiy..., A#n,...) also belong to E.
On the other hand, if y = (yn) is a second sequence belonging to E, we
observe that \\xn + yn\\2 *i 2(\\xn\\2 + \\yn\\2) by (6.3.1.1), hence the
series (||xb 4- yn\\2) is convergent by (5.3.1), and therefore the sequence
(*i + y\ > • • - 9 xn + yn»• • •) belongs to E. We define x + y = (xn + yn),

